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Estimation of heat source term in three-dimensional heat
conduction problem from temperature measurements
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Abstract: Estimation of heat source term in three-dimensional heat conduction problem from temperature
measurements is a typical Inverse Heat Conduction Problem (IHCP). In this paper, based on the numerical
simulation of three-dimensional steady heat conduction problem with the Finite Volume Method (FVM), this
three-dimensional IHCP is converted to an optimization problem, and the inversion method for estimation of
heat source term is developed from sensitivity analysis. After applying this method to a typical test case, it can
be seen that the estimation method is feasible and is not sensitive to the measurement noise. Moreover, the role
of the stop criterion in the estimation process of cases with measurement noise is investigated . By analyzing the
change of difference between the estimated heat sources and the exact values along with the decreasing of the
objective function, it is shown that the decreasing of the objective function does not certainly mean the closer
agreement between the estimated heat sources and exact values due to the ill-posedness of the IHCP. This ill-
posedness can be overcome by choosing a proper specification of stop criterion to simulate the regularization ef-
fect in IHCP.
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0 Introduction

The direct or standard heat conduction problems are
concerned with the determination of temperature distribu-
tion in the interior of a solid when the initial and boundary
conditions, thermo-physical properties, and heat sources
are specified. In contrast, the Inverse Heat Conduction
Problem (IHCP) involves the determination of the surface
condition, thermo-properties, or heat source term by utiliz-
ing the measured temperature history at one or more loca-
tions in the solid. The IHCP has numerous applications in
many fields of science and engineering, such as astronau-
tic, nuclear physical, and metallurgical research fieldst!) .
For example, the estimation of surface heat flux in the
quenching process of material is crucial in metallurgy in-
dustry. And the inversion of surface aerodynamic heating
flux is an effective method to estimate the aero-thermal en-
vironment of the reentry vehicle in the reentry phase!?! .
However, many available approaches to THCP are dealing
with one or two dimensional cases which inherently involve
great discrepancies from the engineering practical situa-

[15] and the discussion of three-dimensional THCP is

tion
very limited in the literature. So, in this paﬁer, based on
solving the three-dimensional heat conduction equation with
Finite Volume Method (FVM) which is prevailing in Com-
putational Fluid Dynamics (CFD) applications, the IHCP
of estimating distributed heat source term in three-dimen-
sional heat conduction problem from temperature measure-

ments is investigated.

1 Three-dimensional direct heat con-
duction problem

The three-dimension direct heat conduction problem is
sketched in Fig.1. The research object is a thin cuboid
with length (x direction) of 1, wideness (y direction) of
1, and thickness ( z direction) of 0.05. The selection of
the small value of thickness is to avoid the influence of
dampness in heat conduction process. The cuboid is com-
posed of two parts {2, and (2,, whose thickness is 0.02
and 0. 03 respectively. These two parts have same heat
conduction coefficient but have different heat sources. The

heat source in £2; is O while in (2, the heat source is g

(2,).

After applying the third-class and the first-class
boundary condition on the sides of x =0 and x =1 of the
cuboid respectively, and employing the third-class bound-
ary condition on the both sides in y direction and the sec-

ond-class boundary condition on the both sides in z direc-

tion. The heat conduction equation can be written as

?*r Frr IPr
k(a—xz+3—f+a—z“)+g((22)8(.(2i -n,) =0

Fig.1 Sketch of 3D heat conduction problem
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where k£, h and T, are constants.

This equation can be solved with Finite Volume
Method (FVM) which is prevailing in Computational Fluid
Dynamics (CFD) applications[(’}. At first, the cuboid is
divided into 7 x 7 x 5 finite volumes, and a pseudo time of
7 is introduced into Eq.(1) and turns it into

2 2 2
o= M5 5 5a) ¢ etanacas - an
(2)

Using explicit fourth-order Runge-Kutta scheme to in-
tegrate the temporal derivative in this equation and dis-
cretizing the spatial derivatives with second-order central
difference scheme, Eq.(2) can be solved with time march-
ing technique and then the resulting convergent solution is

the corresponding solution of Eq.(1).
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2 Inverse heat conduction problem

As mentioned above, there are many types of IHCP
such as estimation of exterior surface heat or temperature
from some interior measurements, or estimation of the ma-
terial’s heat conduction coefficient from measured tempera-
ture history at one or more locations in the solid. In this
paper, the THCP of estimating distributed heat source term
in three-dimensional heat conduction problem from temper-
ature measurements is concerned. That is to estimate the
heat source term of g({2,) in Eq. (1) from the tempera-
ture measurements of M locations on the solid surface of z
=0.05 in Fig.1. The value of M is 81 and all the M lo-
cations of measurement are shown scattered in Fig.1.

The solution of this THCP is to be obtained in such a

way that the following functional is minimized for g((2,)

J(g) = %Z[T(x,,.,ym,g) - T (%, 5.)17(3)

here, T(%,, y,) are the computed temperature at the

measurement locations by solving the Eq. (1) with an esti-

mated value of g, and T (%, 5 ¥ ) is the measured tem-
perature at the measurement locations. Because g({2,) is
a function of spatial locations, it can be discretized due to
the FVM approach as
gl = g(xn}’j,zz)

i=1,N,j=1,N, 1l =1, N (4)
where NV;, N;and N, are the grid numbers in the x, ¥, z
direction of 2,. So, Eq.(3) tums into a parameter opti-
mization problem and can be solved with gradient method.

The update process in the gradient method is

A(%) (5)

on g denotes the estimated quantities

" n+l

° n
gl = 8 —
where the hat of “*”
of heat source terms; the superscripts n, n + 1 indicate
the iteration step; A is the optimization step size, which is

obtained from one-dimension optimization algorithm, such

as the Golden Section Method!®!. And the gradient is cal-

culated as
aJ - {[ = ar
5 = T(xmv m? )_ T(xms m)]_
98’iﬂ mz:; Ymo& ¥ agijl

(6)

here, the derivative of 3 T/3 g is called sensitivity, and it

can be obtained by solving the sensitivity equation which is
derived by differentiating the Eq. (1) with the parameters,
i.e., the sensitivity U = d7T/dgy satisfied the following
equation
k( 2y + ry + 82_U) +
axr 2 yz dz
S(x—x,v)8(y—yj)8(z—zl) =0 (7

with boundary conditions

d
x:O,%:hU;x:l,U:O;
X
U aU
y =0, ay:hU;y:l,W:—hU;
au au
z:O,a—z:O;z:0.0s,a—z:O

This equation also can be solved with FVM.

So, the computational procedure for the solution of
this ITHCP can be summarized as follows

(Step 1) Suppose g;, is available at n-th time step;

(Step 2) Solve the direct problem (Eq.(1)) for T
(%, 5 ¥») and calculate objective function J in Eq.(3);

(Step 3) Examine the stop criterion for J and contin-
ue if not satisfied;

(Step 4) Solve the sensitivity equations (Eq. (7))
and compute the gradient in Eq. (6) ;

(Step 5) Update the heat source term with Eq. (5)

and return to Step 2.

3 Test cases and discussion

In the test case, the geometry in Fig.1 and the heat
conduction problem of Eq. (1) is stddied firstly. The pa-
rameters are chosen as k=1, h=1, T, =0, respective-
ly, and the heat source term is specified to be a function of
surface positions x and y only (not a function of z) as fol-
lowing
4x120-(8-7) -3 -i)+51;

i<3,j<3,l=1,N
Ix117-(2-7) - (T -i)*+101;

else

8 =

This heat source term function is sketched in Fig.2. Using
these parameters and functions, the direct heat conduction
problem of Eq.(1) can be solved and the temperature val-
ues at the M measurement locations can be obtained. In

order to validate the effectiveness of the estimation method
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for the THCP, these computed temperatures are used as
measurement data to estimate the heat source term. The es-
timated result of é,-ﬂ is shown in Fig.3. It can be seen from
Fig.2 and Fig.3 that the estimated result is nearly identical
to the specified value of heat source, which demonstrates

that the estimation method developed for THCP is effective.

Fig.2 Specified function of heat source term
B2 o i P 2 1) R 4

Fig.3 Estimated function of heat source term

B3 R R R

Secondly, in order to analyze the influence of the

measurement noise to the estimation result, the computed
temperatures from specified heat source term in Eq.(8) are

now added with some white noise to simulate the measure-

ment data and used to estimate the same heat source term
also. Here, two levels of noise whose standard deviations
are ¢ =0.02 and ¢ = 0.1 are considered. And the con-
ventional stop criterion for optimization as
J<e; € is a small number (9)
is not adopted in the estimation iteration because of the ill-
posedness of the THCP. The reason lies in that nearly all
the THCP are ill-posed problem, so in the solution of IHCP
some regularization terms should be added as “stable func-
tional” in the objective functional to convert the ill-posed
problem to be well-posed””’. But in Eq. (3) there is no
regularization terms considered, so, inspired by the idea of
iterative regularization proposed by Alifanov'®®!, the fol-
lowing stop criterion instead of Eq.(9) is employed.
J<8;8 = M (10)
where M is the number of measurement locations and o is
the standard deviations of measurement noise. Then, based
on this stop criterion and the estimation method for THCP,
the test cases for 6 =0.02 and 5 = 0.1 are studied respec-
tively. The estimated heat source terms of these two cases
are shown in Fig.4 and Fig.5 (denoted as dashed lines)
and compared to the specified value (denoted as solid
lines) . In addition, the temperatures at several measure-
ment locations along the grid lines of { =2, 7, 8 calculated
with estimated value of heat source term are compared with
the measurement data for these two cases in Fig.6 and Fig.

7 . From these results , it can be seen that the estimated

% A,
8lx.y)&g(x.y)

Fig.4 Comparison of estimated and specified value of

heat source (o =0.02)

B4 RELZESHBRAEAKLE(c=0.02)
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values of heat source term agree well with the exact values
when the measurement noise is considered, and the tem-
. peratures calculated with estimated heat source term also fit
the measurement data. It demonstrates that the estimation
method of THCP is robust and its estimated result is not
greatly deteriorated by the measurement noise .

Finally, the stop criterion in Eq.(10) is further dis-
cussed . At first, the difference between the estimated value

and exact value of heat source term is defined as

E= ZZ(gJ - &)/ (N, x N})  (11)

i=1 j=1

glx.y)

O/\
gxy)&E(xy)y =

Fig.5 Comparison of estimated and specified value of

heat source(o =0.1)
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Fig.6 Comparison of temperature calculated with esti-
mated heat source and experimental value (o =
0.02)
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Fig.7 Comparison of temperature calculated with esti-
mated heat source and experimental value (o =
0.1)
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Then, still take the aforementioned cases of measurement
noise being 6 =0.02 and 6 =0.1 as concerned, the re-
spective change of E in the optimization process along with
the decreasing of the objective function are shown in Fig.8
and Fig.9 (The arrows indicate the decreasing of the ob-
jective function) . It can be seen from the figures that:

(1) In both cases, the decreasing of the objective
function does not certainly mean the smaller value of E.
There exists a minimum value of E in the E ~ J curve,
and when the objective function is less than this minimum
point, a sharp increase in E comes out (especially in Fig.
9) . The reason lies in the ill-posedness of IHCP. The con-
notation of well-posed solution is composed of three parts,
the existence, uniqueness and stability. The solution of I-
HCP always violates the stability requirement, i.e., a
small noise in measurement data may lead to great change
in the inversion solution. In order to overcome this ill-
posedness, regularization terms have to be added in the ob-
jective functional to convert the ill-posed problem to be
well-posed. Here, the stop criterion of Eq. (10) is speci-
fied to act as a regularization term because the regulariza-
tion term has been involved implicitly in the value 6. It’s
just thanks to this criterion that the estimated results in
Fig.4 and Fig.5 are not greatly deteriorated when the mea-
surement noise is present.

(2) For both cases there exists a minimum value of E

inthe E ~ J curve and the inversion result at this mini-
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mum point should be the best estimate of the heat source
term. Also it can be seen that the minimum point occur
near J =0.5Mo? in both cases. Whether this is an intrin-
sic characteristic of this THCP or just a coincidence, which

is still a question need to be investigated in the future.
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Fig.8 Change of E for decreasing objective function( ¢

=0.02)
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Fig.9 Change of £ for decreasing objective function( ¢
=0,1)
B9 EMBIREETHNEALE(s=0.1)

4 Conclusion

In this paper, based on the numerical simulation of
three-dimensional steady heat conduction problem with the
finite volume method (FVM), this three-dimensional IHCP
is converted to an optimization problem and the estimation
method for heat source term in the heat conduction problem
is developed from sensitivity analysis. After applying this
method to the THCP of a thin cuboid, it can be seen that

the estimation method is feasible and is not sensitive to the
measurement noise. Moreover, the role of the stop criterion
in the estimation process of cases in which measurement
noise considered is investigated and the change of differ-
ence between the estimated heat sources and the exact val-
ues along with the decreasing of the objective function is
analyzed . It is revealed that when the measurement noise is
present, the decreasing of the objective function does not
certainly mean the closer agreement between the estimated
heat sources and exact values due to the ill-posedness of
the THCP. And this ill-posedness can be compensated by
the proper specification of stop criterion to simulate the reg-

ularization effect in IHCP.
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